We report a concise yet efficient experiment to extend the study of full Poincaré beams to incorporate the nonlinear optical effect. The main feature of our scheme is the employment of Type-II phase-matching KTP crystal to implement the second harmonic generation with structured vector light from invisible to visible region. Of particular interest is the revelation and visualization of the hidden topological structures transferred from the input polarization state to the output observable intensity patterns. The experimental results are in good agreement with the numerical simulations. Our present work provides us with the insight into the interaction of full Poincaré beams with media in the nonlinear regime. 
Introduction
Vector beams [1] [2] [3] , whose polarization can be parameterized with the projection of the Stokes parameters on the Poincaré sphere, have been widely concerned and applied in high numerical aperture focusing [4, 5] , laser machining [6] , high capacity communication [7] , optical manipulation [8, 9] because of their interesting features. One particular example is the laser beams with different polarization states covering the entire Poincaré sphere, i.e., the socalled full Poincaré (FP) beams [10, 11] ,hybrid vector beams [12] [13] [14] or polarization-singular beams [15] .Such light beams are constructed from the superpositions of two orthogonally polarized LG modes with different topological charges, which exhibit unique polarization singularities: points with a circular polarization (C-points), and lines with linear polarization (L-lines),on which the orientation and handedness of polarization ellipse are undefined, respectively [3, 15] .The C-points and L-lines in various light fields, especially in the crystal, have been studied extensively [15] [16] [17] [18] . For example, Cardano et al. presented the relationship between polarization singularities and topological charge of polarization-singular beams based on the analysis of C-points and L-lines [15] .Lu et al. studied the evolution of polarization singularities when undergoing the Pockels effect [16] . Besides, Flossmann et al. revealed the polarization singularities that were unfolded through a birefringent crystal [17] .
Also, recent years have witnessed a growing interest in the nonlinear optical process of second-harmonic generation (SHG) with vector beams [19] [20] [21] [22] [23] . Freund firstly provided a theoretical study on the SHG of the vector singularities of linearly polarized light and elliptically polarized light [19] . Besides, the SHG with a vector Gaussian beam [20] or the vortex beams in the sharp focusing regime [21] were investigated. In experiment, SHG with a fractional vortex beam of embedded fractional phase singularity [22] or with the radially and azimuthally polarized light in the paraxial regime [23] were conducted. However, we note that no experiment has been reported yet to connect the study of FP beams with the nonlinear SHG process. In addition to frequency conversion, the features of the topology of FP beams in the nonlinear optical regime have not yet been fully explored. Here we report such an experiment. The main point in our scheme is the employment of Type-II phase-matching KTP crystal, rather than the Type-I one. This is curtail for our experiment, as polarization singularity in the FP beams is related to both horizontal and vertical polarization components, and type-I phase matching merely explores one-dimensional polarization. In contrast, the type-II configuration could convey the vectorial feature of polarization singularity into the intensity profile encoded by the SHG light fields.
Theory
Theoretically, an arbitrary-order FP beam is constructed from the superposition of a fundamental Gaussian mode and an arbitrary-order LG beam with orthogonal polarizations, namely [9, 10] ,
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where 1 e  and 2 e  are two unit vectors of left-and right-hand circular components, respectively, A and B are two controllable parameters used to regulate the profile of the FP beams. And the LG beams with 0 p = can be described as,
where ϕ is the azimuthal angle, w is the beam waist, 0 ( ) l L ⋅ is the associated Laguerre polynomials, and l is an integer. As can be seen from Eq. (1), the FP beams consist of two controllable orthogonal polarized components, leading that the spatially varying polarization states at the transverse section. In contrast to the phase singularity, it describes the so-called spin-orbit state. Generally, these FP beams can be produced by interferometric methods, which is unstable [24] , or via suitable birefringent crystal, which is inflexible [25] . In contrast, "q-plate" can stably and flexibly control the FP beams [15] . Thus here, we adopt a simplified "q-plate", i.e., the vortex half wave plate (VHWP) to generate FP beams. In order to adjust the parameters A and B , we need combine the half-wave plate (HWP) and the quarter-wave plate (QWP) to pretreat the polarization state. We assume the polarization state of the incident LG beams,
LG , be horizontal. After passing through the HWP with its fast axis orienting at α and the QWP with its fast axis orienting at 45°, the incident LG beams
where three column Jones matrices represent the horizontal polarization, right-and left-hand circular polarization, respectively (from left to right).And then, the polarization modulated LG beams are incident on the VHWP, which consists of liquid crystal polymers with half wave retardation and different molecular orientations along the azimuthal angle, and thus can be seen as a modified HWP with its fast axes θ orienting at
, where ϕ is the azimuthal angle. Accordingly, its Jones matrix can be specified as
Based on the Jones matrix theory, we can derive the light fields after passing through the VHWP as In reality, the topological structures of polarization patterns embedded in the FP beams cannot be seen by a CCD camera that records only the intensity patterns. How to characterize these interesting polarization structures is therefore desirable. Here, we connect these interesting FP beams to the SHG effect, which enables the conversion from polarization patterns to intensity profiles. But if we merely employ the Type-I phase matching crystal to perform SHG, we can see that only one-dimensional polarization, e.g., the horizontal or vertical one, could participate the SHG process alone. Then the resultant SHG light field merely contains the information of one component polarization, and as such, the polarization topology will miss during SHG process. In contrast, if we employ type II phase matching crystal, we can see that both the horizontal and vertical polarization components are requested to accomplish the SHG cooperatively such that the polarization topology could be conveyed from invisible fundamental light to the visible SHG light. According to Eq. (5), we can deduce the horizontal and vertical components of the fundamental light as,
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Then under both the paraxial approximation and phase-matching condition, the SHG light field can be described by the following wave coupling equation,
where eff d is the effective nonlinear coefficient, ω and k are the angular frequency and wave vector of SHG beams, c is the velocity of light. And under the small-signal approximation, the SHG light field can be directly expressed as SH
,from which we can see that both horizontal and vertical polarizations are requested to contribute to the formation of the SHG light field. Thus, we can conclude that the trajectory of zero intensity in the SHG beams just correspond to horizontal and vertical polarizations appearing in the L-lines of FP beams, which is related to the topology of polarization singularities. In other words, type-II SHG provides a convenient method to reveal the polarization structure of FP beams, which just forms the compelling reason for us to perform such an experiment.
Experiment and analysis
We sketch the experimental setup in Fig. 1 . The 50mW fundamental Gaussian mode of horizontal polarization is derived from a1064nm laser source (Cobolt Rumba). After being collimated and expanded by a telescope, the light beam is incident on a spatial light modulation (SLM) (Hamamatsu, X10468-07). The SLM is a reflective device with a 16 12 mm mm × window, consisting of 792 600 × pixels with a pixel pitch of 20 m µ . Here it is used to display the LG modes via addressing the suitable holographic gratings, i.e., fork gratings, with intensity modulation [26] . By an optical 4 f system and an adjustable iris, placed at its Fourier plane, we select out the 1storderdiffracted lights that carry the LG modes, reflected from SLM. And then, the generated LG modes pass through the half-wave plate (HWP), quarter-wave plate (QWP), and the vortex half wave plate (VHWP) (Thorlabs, WPV10L-1064 or WPV10-1064) to produce the desired FP beams via adjusting the fast axes orienting of these three wave plates. Thus, the horizontal and vertical components of FP beams, serving as the fundamental waves, participate the SHG process. After filtering the 532nm SHG light beams through the filter, we use a color CCD camera (Thorlabs, DCU224C) to record the output intensity patterns. 
Second harmonic generation of FP beam with 2 l =
Here we perform the SHG of FP beam with order 2 l = . We prepare and display the fork grating on the SLM, and we obtain the 1 0
LG light beam by filtering the first-order diffraction with a 4 f optical system and an iris placed in its Fourier plane. Here the VHWP with 1 m = is adopted. Firstly, we consider two particular cases, one is that the fast axis of HWP is adjusted to orientate at 0 α =°while the other is /4 α π = .We know from Eq. (5) that the generated beams are purely a right-handed circularly polarized 0 0
LG mode and a left-handed circularly polarized 2 0 LG mode, respectively, as are shown by Fig. 2 . As the states of polarization in these two cases are homogeneous, such that they are merely the results of SHG with scalar beams [27] . . One can see that all the "spiral" structure of polarization states possess the same topological index of 2 T = , which is just equal to the topological charge of LG beams in Eq. (5).Those points satisfying 0 χ = just forms the trajectory of L-line, as was marked by the red circles in Fig. 3 . The radius of L-lines decreases as α is changing from 0°to 45°, and then increases as α from 45° to 90°. The corresponding experimental observations of the SHG light fields are shown by the bottom panel of Fig. 3 , from which we can verify that the dark cores appearing in the SHG beam are just corresponding to the horizontal and vertical polarizations. Also, the topological index of 2 T = is related to the two-fold rotational symmetry of the polarization pattern. Thus after SHG, we can see that the intensity profiles exhibit four-fold rotational symmetry. All the experimental observations in the bottom panels are obviously in good agreement with numerical simulations in the middle panel.
3.2Second harmonic generation of FP beam with 4 l =
We further focus on a more complicated case with the fourth-order FP beams, which can be flexibly obtained by displaying the 2 0 LG mode on the SLM and using the VHWP of 2 m = . We can see that there is a four-fold rotational symmetry for input polarization patterns, which is related to the topological index of 4 T = , in contrast to 2 T = for the case of 1 m = .In order to compare the fundamental beams and the SHG beams intuitively, we calculate theoretically the polarization distribution of FP beams with the L-lines being marked by the red circles, as is shown in the top panel of Fig. 4 . Accordingly, the SGH light field possesses the intensity profiles of eight-fold rotational symmetry, as a result of the interaction between topological structure of fundamental beams and type-II phase matching. We can see from both the middle and bottom panels that, for 10 α =°the eight dark holes begin to appear on the boundary of the beam spot, and then it looks like a gear of eight teeth for 20 α =°.As eight dark holes move inwards to the center, it looks like an eight-petal flower for 30 α =°, and finally they shows a reverse trend. Therefore our scheme of SHG of FP beams via type-II phase matching is able to provide a new way to visualize the topological structure hidden in the fundamental vectorial beams. 
Conclusion
In summary, we conduct the type-II SHG with the FP beams. We adopt the combination of a commercial vortex half-wave plate (VHWP) and a phase only SLM to produce the desired FP beams in a robust way. The experimental observations with 2-order and 4-order FP beams serving as the fundamental light clearly reveal that the topological structures of polarization singularities could be effectively converted into the spatially varying intensity profiles of the visible SHG light fields under the type-II phase matching condition. Our work may provide a new perspective on the nonlinear interaction between structured light and nonlinear media.
